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Abstract
We exhibit an example of a line bundle M on a smooth complex projective
variety Y s.t. M satisfies Property Np for some p, the p-module of a minimal
resolution of the ideal of the embedding of Y by M is nonzero and M2 does
not satisfy Property Np.
Let M be a very ample line bundle on a smooth complex projective variety Y and
let ϕM : Y → P(H
0(Y,M)∗) be the map associated to M . We recall the definition
of Property Np of Green-Lazarsfeld (see [Gr1], [Gr2] and also [G-L], [Gr3]):
let Y be a smooth complex projective variety and let L be a very ample line bun-
dle on Y defining an embedding ϕL : Y →֒ P = P(H
0(Y,L)∗); set S = S(L) =
Sym∗H0(L), the homogeneous coordinate ring of the projective space P, and con-
sider the graded S-module G = G(L) = ⊕nH
0(Y,Ln); let E∗
0 −→ En −→ En−1 −→ ... −→ E0 −→ G −→ 0
be a minimal graded free resolution of G; let Ep = ⊕q≥0Bp,q⊗S(−q); the line bundle
L satisfies Property Np (p ∈ N) if and only if
B0,0 = C
B0,q = 0 for q > 0
Bi,q = 0 for q 6= i+ 1 and 1 ≤ i ≤ p.
(Thus L satisfies Property N0 if and only if Y ⊂ P(H
0(L)∗) is projectively normal,
i.e. L is normally generated; L satisfies Property N1 if and only if L satisfies
Property N0 and the homogeneous ideal I of Y ⊂ P(H
0(L)∗) is generated by
quadrics; L satisfies Property N2 if and only if L satisfies Property N1 and the
module of syzygies among quadratic generators Qi ∈ I is spanned by relations of
the form
∑
LiQi = 0, where Li are linear polynomials; and so on.)
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In [Ru] we considered the problem to see “how Property Np propagates through
powers”: let M be a line bundle on a smooth complex projective variety Y and
suppose M satisfies Property Np; let s ∈ N; we wondered for which k the line
bundleM s satisfies Property Nk. We proved: Let Y be a smooth complex projective
variety and M a line bundle on Y ; if M satisfies Property Np then M
s satisfies
Property Np if s ≥ p.
Besides, despite there are several theorems suggesting that there is a “propagation
property” for Property Np, we observed that surprisingly it is not true that ifM sat-
isfies Property Np then any power of M satisfies Property Np; the counterexample
we exhibited was the following: the line bundle M = OP2(2) satisfies Property Np
for every p (see the paper [O-P] and the references given there), but, by Ottaviani-
Paoletti’s Theorem in [O-P], for instance the bundle M2 = OP2(4) doesn’t satisfy
Property N10.
The example can be considered not convincing by someone because the module E10
of a minimal resolution of G(OP2(2)) on S(OP2(2)) is 0.
The product of projective spaces furnishes the following more convincing example.
Example. Let r ∈ N and r ≥ 1.
The line bundle OP r×P 1(1, 2) satisfies Property Np ∀p (see [O-P], Theorem 3.6).
On the contrary OP r×P 1(2, 4) does not satisfy Property N10, in fact:
OP 1×P 1(2, 4) does not satisfy Property N10 by the following Gallego-Purnapranja’s
Theorem
Theorem (Gallego-Purnapranja [G-P]). Let a, b ≥ 2. The line bundle OP1×P1(a, b)
satisfies Property Np if and only if p ≤ 2a+ 2b− 3.
and the fact that OP 1×P 1(2, 4) does not satisfy Property N10 implies OP r×P 1(2, 4)
does not satisfy Property N10, by Remark in Section 2 of [Gr2] (precisely: write
Pr = P(V ∗) and write the module Ep of a minimal resolution of G(OP r×P 1(2, 4))
as Ep = ⊕q≥0Bp,q ⊗ S(−q), as in the definition of Property Np; we have that Bp,q
are representations of GL(V ); thus, if they are nonzero for r = n then they are
nozero also for r > n) (analogously to the proof of Prop. 1.8 in [O-P]).
If r is sufficiently great, we have that the 10-th module of a minimal resolution of
G(OP r×P 1(1, 2)) is nonzero (in fact, if X is a projective variety in P
n and dimX =
m with m < n − 1, then the lenght l of a minimal resolution of the ideal IX of X
is ≥ n−m: let t be s.t. Hm(OX (t)) 6= 0; thus H
m+1(IX(t)) 6= 0; then by breaking
the twist by t of a minimal resolution of IX into short exact sequences, we get
l ≥ m− n).
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